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Exercise 1. The exercise is an application of Tonelli theorem. Denote by
Ef:={(z,t) € Ex[0,400):t < f(x)}

the hypograph of the function f and observe that for every x € E it holds Of @ 1at = f(z).
Therefore

f(x) +o0
/ f(x)dx = / / 1dt | dz = / (/ X[07f(x)](t)dt) dr = / XEfdtdx,
E E \Jo £ \Jo Ex[0,+00)

where in the last equality we used Tonelli theorem. Again by Tonelli theorem,

+oo +oo
/ XEdtdr = / </ XEf(t,a:)d:v) dt :/ H{x € E: f(x) > t}| dt.
Ex[0,4+00) 0 E 0

This concludes the first part of the exercise, the second part follows the same computations
with the only modification that

f(=z)
/ ptt~ldt = f(z)P.
0

Exercise 2. Let {p.}.~o be a standard family of mollifiers. Since f € L'(R™), then we know
that f * p. — f in L}*(R™) as € — 0. Thus, up to subsequences, we can assume that

(f*pe)(x) = f(x) forae xzeR" ase—0. (1)

By hypothesis we have that, for any € > 0,

(f *pc)(z) = . fW)pe(r —y)dy =0, (2)

since p. € C°(R™). Putting together (1) and (2) we conclude that f(z) = 0 for almost every
r € R"

Exercise 3. Let A € R. We have

[A@llm e = max {[DY(Ap)] = |a] <k, 2 € Kppa \ K}
= [Almax{[D*(¢)] : |af <k, x € Kppa \ Ko}
= [Alllollm.s -



Moreover, for every @1, ps € C°(Q)

1 + @2llmp = max {|D* (o1 + @2)| : |a| <k, v € Kypyr \ K}
< max {|D%(p1)| + |D*(p2)| : |a| <k, v € Kpyr \ K}

< 1@l + ll2]lm -

Exercise 4. We need to show that the sets D,  cover the whole space C'2°(Q2) and that for
every element in the intersection of two sets of the basis, there exists an another set of the basis
containing that element and such that it is itself contained in the intersection.

By choosing A =1, k = 0 we get that

U {veC@(@) : ¥meN [lp—tllno < 1} = C2(Q).

peCe(Q)

Let now Dy, a, and Do, 5, 1, be two elements of the basis with a nonempty intersection
(otherwise it is trivial). Let ¢ € Dy, ka0 N Doy ko re- Since Vm € N |01 — @l (m) < A1(m)
and [[p2 — @|lmks(m) < A2(m), then for every m € N there exist €,(m), e2(m) > 0 such that

m,k1(m) < >\l (m) — € (m)
m,ka(m) < )\Q(m) - €2<m)‘

1 — o
2 — ¢l

We now choose k = max(ky, k2) and A = min(ey, €2). If ©» € D, 5 then

o1 = Yllmgromy < o1 — llmpamy + 110 = Yllmpam)
< A(m) —e(m) + [[o = Pl km)
< Ai(m) —er(m) + A(m) < Ay (m)

and analogously
02 = Yllmkaim) < A2(m) — e2(m) + A(m) < Ao(m).
This shows that Dy x C Doy kya N Do o ro-

Exercise 5. Suppose that 3K C (2 such that spt ¢, C K and ¢,, — ¢ uniformly, together with
all of its derivatives. Choose k and A arbitrarily and let D, j » be an element of the basis given in
the previous exercise. Since K, 1 €, then there exists M € N such that (K, 1 \ K,,) N K =10
for all m > M. We define

k = max k(m),
m<M
A = min A(m).
m<M
Since ¢, — ¢ uniformly (together with all of its derivatives), there exists N € N such that for

alln > N _
lon — QOHCE(Q) <A
This implies that Vn > N, ¢, € D, . Note that one should also check that for any other set

Dy 1. containing ¢, then the sequence is definitively contained in Dy ». However, this is an
easy consequence of the fact that in exercise 4 we proved that those sets form a basis for the

2



topology. Indeed we proved the existence of a set D75 C Dy N Dy x and from the previ-
ous computations we conclude that for some N > 0, the sequence ¢, € D, r¥, for every n > N.

We first prove the existence of the compact set K such that spt ¢, C K, for all n € N. If by
contradiction there is no K, containing all the supports of ¢,,, then the set

Y={meN: 3In, : |¢n, —@llmo >0}
contains countably many integers. We can thus define

Am)=1, ifmeN\X

>

Then we deduce that ¢, ¢ D, for all m € 3, which means that there are infinitely many
elements of the sequence that are not contained in D, ». This is of course in contradiction with
the assumption that the sequence was topologically converging to . Thus we take K = K.
Fix a multi-index «, a real number ¢ > 0 and choose

k(m) = |a| ANm) = —
Vm € N. By hypothesis there exists 7 = 7(¢) € N such that
ngn_gp||m,|a| < % ‘v’n>ﬁ, VmEN,

from which we conclude that

€

M(M—1)<e.

M—-1
1D — D*@llsup@y < D 00 — Pllm,ja) <
m=1

Exercise 6 Suppose f is continuous and let U be a neighbourhood of f(x). By definition of
neighbourhood there is an open set A C Y such that f(x) € A C U: the open set V = f~1(A)
is a neighbourhood of = and f(V) C U.

Conversely, suppose f is continuous at every point and let A be an open set in Y. If z € f~1(A)
then A is a neighbourhood of f(x) and there is a neighbourhood V,. of x such that f(V,) C A.
This amounts to saying V, C f~1(A). By definition there exists U, open such that x € U, and
U, C V. Therefore f~!(A) is an open set because it is union of open sets

= U e
)

zef~1(A



